
I Equivalent definitions of hyperbolic spaces .

1. Thin triangles

Def .
let X be a metric

sp .
let

n.ie .,qeX .

the triangle inequality

guarantees that F  a tripod hatingsuch that okxi,  n ; )= dhii, a;) .

we  will call it the comparison tripod .
TCI , , ?q

,  an} )

H X is geodesic ,  we  can define a map D@i.x. ,m )I Tkiiuiis )
by sending each geodesic to the com . geodesic out

.

A triangle D is called 8- thin if ttpet diamftcp)) son
.

The instof A irsizeln ) is diam ( Eco ) ) .

The pots of t.co ) are  called the internal pts of D
.

and denoted ii.  iz.is

according to the vertex they are opposite to
.
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The Let X be ageodesk ms
.

TFAE :

1
. For such that  all triangles are

f-
Slim

.

2
. F of -  ' -

ofthrh3
, F of

→ - have ins,ze( D) e S
,

M= :  2=>1 Is obvious
.

t⇒3 : letD@nn.mdbeagodtriang.by hypothesis  it is f- slim
.

let in
,  in  is be its  internal pts .

 in is on
,

close to  some pt

p  on @, ,m ) or [ m
, as ] . say pefx,,m] .

By the triangle inequality Ideap) -

d@siyKfSmeedCn.i, )=  d@g.iDit follows that Id@i.p) -d@,ig)kfand d (p ,  is )=S , ( since they are  on the same good )
⇒ d(in , iz ) a- 29

.



Similarly d(in , tin, is } ) #
.

and so diam { I
, ,i . ,  is } ⇐ 49 .

3⇒= : let DH,m,z ) be a good A
.

let yz ,y .
be the z preimages of a ptpeT(

a
, in

, as )
( WLOG pe [ are

, ,° ] pto . ) . WTS d (y , .gs ) £ of for  some of
.

let  n
,

'

e [ as ) be meh thatdfas.xj-d@s.nl-dCyz.n , )

Therefore
,

yzMy
,

are the internal pts of D@i.us,
xi

,
) and It follows

by hypothesis that d(y. .y , )±B .

a

E± : Show that these are equivalent to :

F of such that dHtnaylesD@i.x.is ) satisfy

inf }diam}p, ,p . ,p} } I pie @iticn , nine , ) ) } £9
.

2. The Gromou product
Def : let X be a  metric

.p . let my ,weX

we define ( ay)w= tz ( d@iwtdCy.w ) - day ) ) .

or equivalently d(a ,o ) in T@iy.w) .

Note that dfw,  @He ( a.y)w +  insizeos . If D is fthrh then

|d(w, @y] ) - ex. g)w|⇐S .

Def : let X be a metric
sp .  we say

that X is (8) - hyperbolic if
H  n , y ,z ,w  we have :

( my )w 3 mm } ( x.z)u , ( y.z)w } - 8
.

@

Note that this does not  assume that X is geodesic .

E± : If Fw  sit @ holds try .z
then it holds Kay .tn replacing sbyzd .

Expanding the expression m
@ we get

okay )+d(zuw) ←  Max } d@iHtdly.w )
, dcyz ) + dke.ws/t2S .

In other words
,  we look at the

"

tetrahedron "

my .tw .

and we  sum the lengths of opposite sides
.

Wwf Sixdcnz ) + okg.
 w ) E M:=d(y,z)+d( aw)E L :=d@y ) + dfziw )



then @ tells us that Le Mhd
.

The : let X be geodesic then For stxio or .

hyperbolic
# For

'
st

.
 it  is

(8)
- hyperbolic .

Pf : ⇒ : Assume WWG SEMEL are  as  above
.

consider the
comparison

As

z
A

-b•F•
e )•a•d •

c
W

M= dfty) + d(a,w)=  atbtctd

d ( z ,w ) =  atc - l

d(x.g) = length of  red path €bio + is +  d = bid + l +28

⇒ L = okay ) + d(z,w ) s  atbcid +28 = Mtzd
.

⇐ : let as denote by aiysz ' the internal pts of D (my,z)
.

WTS okx
'
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' )E8 2
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Consider the Y pts x. y.z.gl .

Out of the 3  opposite pains the largest  is d(y,y' )+d(a.⇒

Smee dcyiy
' ) > dcyiz' ) =D ( yin

' ) . ( the other
pains  an  exactly printed )

Hence
, d@ittdCy.ynsdCy.Htdk.y ' ) tzd

.

'

→ d(g. y
' ) ± d(y,  a

' ) too
'

Simerly dlma ' ) = d @,yi ) +  

zone
|*@Now

,

consider the h pts x. y ,  a
'

,y
!

The smallest of Vhenaumsis clearly d @y
' ) + d(y,x' )

.

So by the  upt  ineq

okay ' )+d(x.g) E d(a  a) + d(y, y
' ) tzs

'¥
d(my

' )td(g.a) +65
' = d@g) +65

'

⇒

d@iyJeGorE5l7Exshowthuta-hyperbdieityisaotim.arderqitrgmyYn.w

ymisjpaal Eihne)
,



3
. Approximating trees

Thin : X is god .  ms . X is 8- hyperbolic iff tn FUN ) such

that toe
, ... ,

an EX 7  a tree T embedded in X such that  its edges

are geodesics  and d@i.x;) a- d
,

( ni
, g.) + In )

. ( where d
,

is the

distance  measured in the metric tree )
Ex : Prove ⇐ ( hint :  it  Is enough to  consider 4 pts ) .

Def :  a path p :[ a b) → X is a - taut if length fp ) a-

dlpca
)

, plblt

't
where

Obe : If p  is T - taut then it  is a (ht) -

g. geodesic,  and
any mbpathiot . taut

.

( write
p  in unit speed par .

 so that length (p[ sit ] )= t - s ,

Now
, length (

pfa.sN-iluythlps.tHtbytKpft.bD-luythCp7edp@1.plbDtTEdCpCa1.psDtd1pss.pltp.dfltI.plbDtt.dlpei.p

#

If
bythcp# ) ⇒ length ( p #A) < d$¢)

, ptf )) + T

⇒ Kph.ph ) = It. sl < dlph.ph ) tt

lemme : let X beFhyp geodesic .

let  a be a T . taut path btw my .eX

Then FE ' st  if y is the closest pt to some# on  & then dug,t] is

T
'

. taut
.

Pf : Recall that by stability of q . geod .

FD
such that a Is

D-
dose

to a  geodesic [my] .

let $ ' be such that ins , ;DD) = 8 '

.

# ( a. z)yE8'+D *

since otherwise the internal pt y
'

c- [ x.  z ] is at distance > 8 'tD from y ,

but dly' ,
z

' )=8
'

and Faed sit . d #a) =D so overall dlz,a) < d⇐y ) .
Z

.

thus length ( auf,⇒ ) - length a  + length g. ⇒

"

¥l÷I¥g#-a=
,

=D@ , g) +  T  + d(y,  ⇒ z•

a- d@,z' )+8tD+T  + dfz, y
' ) + of 'D

.

=d@,y' )+d⇐j ) + 2 @+D) + I =
d@,z)tzKD#tT

A



Pf of them :  ⇒ By induction on n we build atfn ) - taut

tree
. I. e  a tree  whose arcs  are

#I - taut .

If  n=2
,

take Tz=[r, , .az ] .

It  io 0 - taut
.

For  n > 2
,

oh .
...

, nine X
.

Assume  we built T for  a , ,
. . in . , .

which Is  Tcu - I ) - taut
n - 1 .

let y
be the closest pt to an in Tnt

.

let Tn=I . , u@n.y ] .
It  Is  clear that  Tn a an  embedded the

and by the lemma it is Tn=T
'

- tank
. a


